We introduce extended toric Deligne-Mumford stacks. We use an extended toric Deligne-Mumford stack to get the toric stack bundle and compute its orbifold Chow ring. Finally we give an example to show that the ordinary Chow ring of the crepant resolution of a simplicial toric stack bundle is not necessarily isomorphic to its orbifold Chow ring.
Introduction
In recent years, a remarkable cohomology theory for orbifolds has appeared. It is called Chen-Ruan cohomology or orbifold cohomology, see [5] , [6] . The construction was motivated by orbifold string theory. An algebraic version of this theory has been defined by Abramovich, Graber and Vistoli [1] . In this paper we discuss the case of a toric stack bundle. The orbifold Chow ring of the general toric Deligne-Mumford stack was obtained by Borisov, Chen and Smith [4] . See also [11] for the case of weighted projective space. Let Σ := (N, Σ, β) be a stacky fan of rank(N ) = d. Suppose there are n one-dimensional cones in the fan Σ, from [4] the toric Deligne-Mumford stack X (Σ) = [Z/G] is a quotient stack, where Z is an open subvariety of C n and G acts on Z through the map α : G −→ (C × ) n determined by the stacky fan. Let P −→ B be a principal (C × ) n -bundle over a smooth variety B, define P X (Σ) to be the quotient stack [(P × (C × ) n Z)/G], where G acts on P trivially. It is easy to see that [(P × (C × ) n Z)/G] may be written as P × (C × ) n [Z/G] = P × (C × ) n X (Σ), then P X (Σ) −→ B is a toric stack bundle over B with fibre the toric DeligneMumford stack X (Σ). When N is a finite abelian group, then in the stacky fan Σ = (N, Σ, β), Σ = 0 and β is the zero homomorphism 0 −→ N . In this case the toric Deligne-Mumford stack X (Σ) = [pt/G] is the classifying stack BG, where G = Hom Z (N, C × ). We know that as a stack BG can have different representations. For example, if N = Z/3Z, G = µ 3 is the cyclic group of order 3, then Bµ 3 can also be represented by the quotient stack [C × /C × ], where the action is given by (·) 3 . We can't construct this stack from a stacky fan. Also using this representation, we can twist this stack by a C × -bundle to get a nontrivial µ 3 -gerbe over B, while using the presentation [pt/µ 3 ], we haven't any nontrivial twist. To solve this problem we slightly generalize the construction of toric Deligne-Mumford stacks. We introduce extended stacky f an Σ e := (N, Σ, β e ), where N and Σ are the same as in a stacky fan Σ = (N, Σ, β), but β e : Z m −→ N is determined by b 1 , . . . , b n , b n+1 , . . . , b m ∈ N satisfying the conditions that m ≥ n, b i generates the ray ρ i for 1 ≤ i ≤ n and all the other b n+1 , . . . , b m belong to N , where b i ∈ N , and N is the lattice in N Q determined by the projection N −→ N . Associated to an extended stacky fan Σ e , we define the extended toric Deligne-Mumford stack X (Σ e ) := [Z e /G e ] as a quotient stack, where Z e = Z × (C × ) m−n and G e acts on Z e through the homomorphism α e : G e −→ (C × ) m determined by the extended stacky fan. It is easy to see that every extended stacky fan Σ e naturally determines a stacky fan Σ. We prove that the extended toric Deligne-Mumford stack X (Σ e ) is isomorphic to the toric Deligne-Mumford stack X (Σ). For a smooth variety B, if P −→ B is a principal (C × ) m -bundle, then let P X (Σ e ) be the quotient stack
where G e acts on P trivially. P X (Σ e ) is a toric stack bundle over B with fibre the extended toric Deligne-Mumford stack X (Σ e ). We study the orbifold Chow ring of this toric stack bundle. Another motivation to study the orbifold Chow ring of the toric stack bundle comes from the paper of Mustata and Mustata which said that the first intermediate moduli stack M 0,1 (P n , d, 1) defined in [14] is a toric stack bundle over P n . Other intermediate moduli stacks M 0,1 (P n , d, k) are weighted blow-ups over M 0,1 (P n , d, k − 1) for k ≥ 2, and M 0,1 (P n , d, d) = M 0,1 (P n , d). Our study is the first step to understand the orbifold Chow ring of the moduli space of stable maps.
Given an extended toric Deligne-Mumford stack X (Σ e ), from the extended stacky fan Σ e , we have the following exact sequence:
where T = (C × ) d . From this exact sequence, we prove that the extended toric Deligne-Mumford stack X (Σ e ) is a µ-gerbe over the associated toric orbifold X red (Σ) for a finite abelian group µ. Then the toric stack bundle P X (Σ e ) is a µ-gerbe over the toric orbifold bundle P X red (Σ e ). Using the orbifold structure of the extended toric Deligne-Mumford stack, we can determine the orbifold structure of P X (Σ e ). To describe the orbifold Chow ring of P X (Σ e ), we introduce some line bundles over B. Let M = N * be the dual of N . For θ ∈ M , let ξ θ −→ B be the line bundle coming from the principal T bundle E −→ B by "extending" the structure group via χ θ : T −→ C × , where E −→ B is induced from the (C × ) m -bundle P in the above exact sequence. Define the deformed ring 
Σ e generated by the elements:
Then we have the following theorem: 
To prove this theorem, first using the similar result in [4] that the components of the inertia stack I(X (Σ e )) of X (Σ e ) is given by Box(Σ e ) which determines all the elements in the local group of X (Σ e ), we explain that the twist by the (C × ) m -bundle P does not twist the components of the inertia stack of the toric stack bundle P X (Σ e ). Then this makes it possible to use the similar methods as in [4] to determine 3-twisted sectors, obstruction bundles of P X (Σ e ) and compute the orbifold Chow ring of P X (Σ e ). As an example, let
with action via C
. The paper is organized as follows. In section 2 we introduce extended toric Deligne-Mumford stacks. In section 3 we give the definition of toric stack bundle and determine its orbifold structure. In section 4 we describe the orbifold Chow ring of the toric stack bundle. In section 5 we talk about an example, the µ rgerbe B (L,r) over B for any positive integer r and smooth variety B. Finally in section 6 we give an example to show that the Chow ring of a crepant resolution of a simplicial toric stack bundle is not necessarily isomorphic to its orbifold Chow ring.
In this paper, we use the rational numbers Q as coefficients of the Chow ring and orbifold Chow ring. By an orbif old we mean a smooth Deligne-Mumford stack such that at the generic point the automorphism group is trivial. This type of orbifold is sometimes called a reduced orbif old in differential geometry.
The Definition and Properties.
We refer to [4] the construction and notation of toric Deligne-Mumford stacks. Let N be a finitely generated abelian group of rank d. Let N be the lattice generated by N in the d-dimensional vector space N Q := N ⊗ Z Q. The natural map N −→ N is defined by b −→ b. Let Σ be a rational simplicial fan in N Q . Suppose ρ 1 , . . . , ρ n are the rays in Σ. We fix b i ∈ N for 1 ≤ i ≤ n such that b i generates the cone ρ i . We choose other elements b n+1 , . . . , b m ∈ N and consider the homomorphism β e : Z m −→ N determined by the elements b 1 , . . . , b m . We require that β e has finite cokernel. Σ e := (N, Σ, β e ) is called an extended stacky f an.
It is easy to see that any extended stacky fan Σ e = (N, Σ, β e ) naturally determines a stacky fan Σ := (N, Σ, β), where β : Z n −→ N is given by b 1 , . . . , b n ∈ N . Now since β e has finite cokernel, from proposition 2.2 in [4] , we have exact sequences:
where (β e ) ∨ is the Gale dual of β e . As a Z-module, C × is divisible, so it is an injective Z-module, from [12] , the functor Hom Z (−, C × ) is exact. We get the exact sequence:
, we have the exact sequence:
From [4] , the toric Deligne-Mumford stack 
From the definition of Gale dual, we compute DG( β) = Z m−n and β ∨ is an isomorphism. So from Lemma 2.3 in [4] , applying the Gale dual and the Hom Z (−, C × ) functor to the above diagram we get:
We define the morphism ϕ 0 :
e ] be the morphism of stacks induced from (ϕ 0 × ϕ 1 , ϕ 0 ). From the above commutative diagram we have the following commutative diagram:
In (2), α is an isomorphism which implies that the left square in (2) is cartesian. So the above commutative diagram is cartesian. ϕ :
e determine an element in G e , so ϕ is surjective. The stacks X (Σ e ) and X (Σ) are isomorphic.
Let X(Σ) be the simplicial toric variety associated to the extended stacky fan Σ e . We have the following corollaries: 
Example Let N = Z⊕Z/3Z, and β e : Z 3 −→ N be given by the elements b 1 = (1, 0), b 2 = (−1, 1), b 3 = (0, 1). The extended stacky fan Σ e = (N, Σ, β e ), where Σ is the fan in Z given by b 1 , b 2 . The associated stacky fan is Σ = (N, Σ, β), where β :
, where the action is given by λ · (z 1 , z 2 ) = (λ 3 z 1 , λ 3 z 2 ). For the extended stacky fan Σ e , we compute that DG(β e ) ∼ = Z 2 , and
, where the action is given by:
shows that X (Σ e ) is isomorphic to the stack X (Σ).
The µ-Gerbe.
Given the extended toric Deligne-Mumford stack X (Σ e ) associated to an extended stacky fan Σ e = (N, Σ, β e ). Let Σ = (N, Σ, β) be the associated stacky fan. Let
where G e = Im(α e ) from (1). So we have the exact sequence:
From (1), we obtain the exact sequence:
G e is a central extension of G e by µ. From [8] , X (Σ e ) is a µ-gerbe over X red (Σ e ). For the stacky fan Σ in Σ e , we have the following exact sequence:
is the associated toric orbifold corresponding to the simplicial fan Σ.
Proof. From (3), X red (Σ e ) is constructed from the extended stacky fan Σ e = (N , Σ, β e ), where β e : Z m −→ N is given by β e modulo torsion. From the following commutative diagram:
Using the same proof as the proposition 2.3, we have the following diagram:
which is cartesian. So the stack X red (Σ e ) = [Z e /G e ] is isomorphic to the stack
We have the following commutative diagram:
Proposition 2.7 Let X (Σ e ) be the extended toric Deligne-Mumford stack corresponding to an extended stacky fan
Remark From proposition 4.6 in [3] , any Deligne-Mumford stack is a µ-gerbe over an orbifold for a finite group µ. Our proposition is the toric case of that general result. Now given a simplicial toric variety X(Σ) corresponding to a simplicial fan Σ generated by b 1 , . . . , b n . Let X red (Σ e ) be a toric orbifold such that it comes from an extended stacky fan
is the toric orbifold [Z/G] corresponding to the simplicial fan Σ. We can use a µ-gerbe over X red (Σ e ) to obtain an extended toric Deligne-Mumford stack. Let Σ(1) = n be the set of one dimensional cones in Σ, then Z := A n − V , where V is defined by the ideal generated by
, the codimension of V in A n is at least 2.
Proof. Let J ′ Σ ⊂ J Σ be the ideal generated by the elements
Proof. Using the fact that if the codimension is big enough, then the lower dimension cohomology vanishes, the lemma is proved. 
Proof. Consider the diagram:
comes from a µ-gerbe over BG e . Consider the Leray spectral sequence for the fibration π:
, where the action of G e is trivial. So:
Since for finite abelian group µ, the µ-gerbes are classified by the second cohomology group with coefficient in the group µ. The proposition is proved.
For the classifying stack BG e , any µ-gerbe over BG e is determined by a
and the µ-gerbe is the classifying stack BG e . If in this central extension, G e is an abelian group, then we have the following proposition. 
where G e is a central extension of G e by µ. 
where η is the map in (3). From (3), η is injective, and from (5), ϕ is surjective. So ker(α e ) = ker(ϕ) = µ, we have the exact sequence in (1):
where T is the torus of the simplicial toric variety X(Σ). Since the abelian groups G e , G e and (C × ) m are all locally compact topological groups, taking P ontryagin duality and Gale dual, we have the following diagrams:
So β e : Z m −→ N satisfies the condition of extended stacky fan. We use the method in section 2.1 to construct an extended toric Deligne-Mumford stack X (Σ e ).
Example Let Σ be a complete fan in Q, let N = Z ⊕ Z/2Z, and β e : Z 2 −→ Z ⊕ Z/2Z determined by the vectors {(2, 1), (−3, 0)}. Then from Example 3.5 in [4] , we know that (β e ) ∨ : Z 2 −→ DG(β e ) = Z is given by the matrix [6, 4] . So we get the following exact sequence:
This sequence can be split into two exact sequences:
From (7), we know that
is the weighted projective stack P (2, 3) . Z e is a C × -bundle over P(2, 3). So from (9), M 1,1 is a nontrivial µ 2 -gerbe over P(2, 3) coming from this line bundle. If we change the vectors {(2, 1), (−3, 0)} into {(2, 0), (−3, 0)}, then DG(β e ) ∼ = Z ⊕ Z/2Z, and
We have:
The action of µ 2 is trivial. So X (Σ e ) = P(2, 3) × Bµ 2 is a trivial µ 2 -gerbe over the weighted projective stack P(2, 3).
The Toric Stack Bundle
In this section we introduce the toric stack bundle P X (Σ e ) and determine its twisted sectors. Let P −→ B be a principal (C × ) m -bundle over a smooth variety B. Let Σ e = (N, Σ, β e ) be an extended stacky fan in the d-dimensional Q-vector space N Q . Then X (Σ e ) = [Z e /G e ] is a quotient stack, and there exists an action of (C × ) m on the open subvariety Z e . We give the following definition.
Definition 3.1 We define the toric stack bundle P X (Σ e ) −→ B to be the quotient stack
where G e acts on P trivially.
From corollary 2.4, X (Σ e ) has the coarse moduli space X(Σ) which is the simplicail toric variety associated to the simplicial fan Σ. From the exact sequence in (1):
m -bundle over B determine a T -bundle over B naturally. Let E −→ B be the principal T -bundle induced by P , then we have the twists P X red (Σ e ) −→ B with fibre the toric orbifold X red (Σ e ) and E X(Σ) −→ B with fibre the simplicial toric variety X(Σ), where
. From the extension in (4), using the same analysis in section 2.2 we have: Proof.
Using the same method of proposition 2.10 and 2.11, we know that every µ-gerbe over P X red (Σ e ) comes from a µ-gerbe over the classifying stack BG e . So this gerbe also give an exten-
where G e determines an extension in (5). So consider the commutative diagram in (6), we have the exact sequence in (1):
where T is the torus of the simplicial toric variety X(Σ). Using the same analysis as the proposition 2.11, this exact sequence determine a group homomorphism: (β e ) ∨ : Z m −→ DG(β e ) which we use to construct an extended toric Deligne-
, then it is a toric stack bundle over B with fibre the extended toric Deligne-Mumford stack X (Σ e ).
Because any toric stack bundle is a µ-gerbe over the corresponding toric orbifold bundle and can be represented as a quotient stack, we have the following propositions:
Proposition 3.4 The simplicial toric bundle E X(Σ) is the coarse moduli space of the toric stack bundle P X (Σ e ) and the toric orbifold bundle
Proof. The toric stack bundle P X (Σ e ) is a µ-gerbe over the simplicial toric orbifold bundle P X red (Σ e ) for a finite abelian group µ, 
From proposition 2.6, X(Σ) = Z e //G e , and
So from the universal geometric quotients in [13] , E X(Σ) is the coarse moduli space of P X (Σ e ) and P X red (Σ e ).
Proposition 3.5 The toric stack bundle
Proof. From (10), Proof. Let X (Σ e ) = [Z e /G e ], if σ is a cone, from [4] , let link(τ ) := {σ : σ + τ ∈ Σ, σ ∩ τ = 0}, and ρ 1 , . . . , ρ l be the rays in link(σ). Then Σ e /σ = (N (σ), Σ/σ, β e (σ)) is an extended stacky fan, where β e (σ) :
From the construction of extended toric Deligne-Mumford stack, we have 
. We have an action of (C × ) m on Z e (σ) induced by the natural action of (C × ) l+m−n on Z e (σ) and the projection
be a quotient stack. Then the groupoid
Proposition 3.7 Let σ be a top dimensional cone in the extended stacky fan
Proof. Since σ is top dimensional, so σ e = (N, σ, β There is an action of G e on U σ . Also using the same method in the proof of proposition 4.3 in [4] , the groupoid U σ × G e ⇉ U σ is Morita equivalent to the 
is an open substack of P X (Σ e ).
Remark From proposition 2.3, and [4] , for a cone σ ⊆ Σ,
. Using the notation of [4] , for each ddimensional cone σ in the simplicial fan Σ, denote by Box(σ) to be the set of elements v ∈ N such that v = ρi⊆σ a i b i for some 0 ≤ a i < 1. The set Box(σ) is in one-to-one correspondence with the elements in the finite group N (σ) = N/N σ , where N (σ) is a local group of the stack X (Σ e ). If τ ⊆ σ is a low dimensional cone, we define Box(τ ) to be the set of elements in v ∈ N such that v = ρi⊆τ a i b i , where 0 ≤ a i < 1. It is easy to see that Box(τ ) ⊂ Box(σ). In fact the elements in Box(τ ) generate a subgroup of the local group N (σ). Let Box(Σ e ) be the union of Box(σ) for all d-dimensional cones σ ∈ Σ. For v 1 , . . . , v n ∈ N , let σ(v 1 , . . . , v n ) be the unique minimal cone in Σ containing v 1 , . . . , v n . 
Proposition 3.8 Let
e ] is a quotient stack. Because G e is an abelian group and the the action has finite, reduced stabilizers, we have the double inertia stack:
where H is the subgroup in G e generated by the elements g 1 and g 2 . We have v 2 ) ), so we have:
This means that in the local group N/N σ(v1,v2) , the corresponding group elements g 1 , g 2 , g 3 satisfy g 1 g 2 g 3 = 1. So this implies that σ(v 1 , v 2 , v 3 ) = σ(v 1 , v 2 ). In fact, the proposition determines all the 3-twisted sectors of the toric stack bundle P X (Σ e ). See also in [16] , [11] for the case of toric varieties.
The Orbifold Cohomology Ring.
In this section we describe the ring structure of the orbifold cohomology space of the toric stack bundles.
The Module Structure on A
Let Σ e := (N, Σ, β e ) be an extended stacky fan in d-dimensional vector space N Q = N ⊗ Z Q, and X (Σ e ) be the associated extended toric Deligne-Mumford stack. Let P −→ B be a principal (C × ) m -bundle over the smooth variety B, then we have the toric stack bundle P X (Σ e ) −→ B over B twisted by the principal (C × ) m -bundle P . Let E −→ B be the associated T -bundle over B induced from P from the exact sequence (1). Let M := N * be the dual of N , and let θ ∈ M , define ξ θ −→ B to be the line bundle coming from E −→ B by "extending" the structure group via χ θ : 
First we describe the ordinary Chow ring of the toric stack bundle: 
Proof. Let X(Σ) be the coarse moduli space of the extended toric DeligneMumford stack X (Σ e ). Let E −→ B be the principal T -bundle induced from the (C × ) m -bundle P , then from proposition 3.4, E X(Σ) is the coarse moduli space of the toric stack bundle P X (Σ e ). From [18] , we have
So from the general fact in [2] , [19] that the Chow ring of the stack P X (Σ e ) is isomorphic to the Chow ring of its coarse moduli space E X(Σ), we obtain the lemma.
Now we talk about the module structure on A * orb P X (Σ e ) . Because Σ is a simplicial fan, we have: Proof. Using the following result: If ρ 1 , . . . , ρ s are rays in the complete simplicial fan Σ, if for any i, j, ρ i , ρ j generate a cone, then ρ 1 , · · · , ρ s generate a cone, see [10] , [15] . The lemma is proved. 
Proof. From the definition of A * (B)[N ]
Σ e and Lemma 4.5, we see that
for θ ∈ M . All elements in (11) are in S Σ e , so they also generate an ideal in S Σ e . We use the same notation. Then
Σ e generated by the elements of (11). So we obtain the isomorphism of Q-vector spaces:
For any v ∈ Box(Σ e ), let σ(v) be the minimal cone in Σ containing v. Let ρ 1 , . . . , ρ l ∈ link(σ(v)), and ρ i be the image of ρ i under the natural map
is the subring given by: x i −→ y bi , for ρ i ∈ link(σ(v)). Consider the diagram:
where i is given by: x i −→ x i . From lemma 4.6, it is easy to check that the ideal
. Now we construct a map Φ :
We consider the following diagram :
where p is given by:
For any x i1 · · · x is in I Σ e , also from lemma 4.6 we prove that p(x i1 · · · x is ) ∈ I Σ e /σ(v) . We also use the notations y bi to replace x i , then p induces a surjective map: S Σ e −→ S Σ e /σ(v) and a surjective map:
. We obtain a map Φ :
⊥ and θ ′ v belongs to the orthogonal complement of the subspace σ(v) ⊥ in M . From (13), we have:
Note that ΦΨ = 1 is easy to check. For any [y
, so we check that ΨΦ = 1. We obtain the isomorphism (14) . From Lemma 4.4, for any v ∈ Box(Σ e ), we have an isomorphism of Chow rings: (12) and (14), we have the isomorphism:
. Note that both sides of (12) are S Σ e /I(Σ e ) = A * ( P X (Σ e ))-modules, we complete the proof.
Remark In proposition 5.2 of [4] , the authors give a proof of the proposition for toric Deligne-Mumford stacks. We give a more explicit proof of this isomorphism for the toric stack bundle in this proposition.
The Orbifold Cup Product.
In this section we consider the orbifold cup product on A * orb P X (Σ e ) . First we determine the 3-twisted sectors of P X (Σ e ). From the orbifold Gromov-Witten theory, the 3-twisted sectors of P X (Σ e ) are the components of the double inertia stack I 2 ( P X (Σ e )) of P X (Σ e ), see [6] . So from the remark after proposition 3.8, we have all the 3-twisted sectors of P X (Σ e ):
(g1,g2,g3)∈Box(Σ e ) 3 ,g1g2g3=1
where σ(g 1 , g 2 , g 3 ) is the minimal cone in Σ containing g 1 , g 2 , g 3 . For any 3-twisted sector
, we have an inclusion e :
. Let H be the subgroup generated by g 1 , g 2 , g 3 , then the genus zero, degree zero orbifold stable map to P X (Σ e ) determines a Galois covering π : C −→ P 1 branching over three marked points 0, 1, ∞ such that the transformation group of this covering is H. We have the definition:
The obstruction bundle
is defined by the H-invariant:
then the Euler class of the obstruction bundle O (g1,g2,g3) over
where L i is the line bundle over
Proof. Let X (Σ e ) be the extended toric Deligne-Mumford stack corresponding to the extended stacky fan Σ e in N Q = N ⊗ Z Q. Let σ(g 1 , g 2 , g 3 ) be the minimal cone in Σ containing g 1 , g 2 , g 3 . From corollary 2.5 and (15) we have the 3-twisted sector X (Σ e ) (g1,g2,g3) = X (Σ e /σ(g 1 , g 2 , g 3 )) and P X (Σ e ) (g1,g2,g3) = P X (Σ e /σ(g 1 , g 2 , g 3 )). Since e : X (Σ e ) (g1,g2,g3) −→ X (Σ e ) is an inclusion, we have an exact sequence:
n Z e . Now from the construction of the line bundle L k over X (Σ e ), we have a canonical map:
Since we have a natural map
, we obtain a map of vector bundles over X (Σ e /σ(g 1 , g 2 , g 3 )):
ϕ :
Then from the definition of the line bundle L k over P X (Σ e ), we have the map:
where
is the normal bundle of P X (Σ e /σ(g 1 , g 2 , g 3 )) in P X (Σ e ). For any point map:
note that x * ϕ is an isomorphism, so ϕ is an isomorphism. We have the exact sequence:
Now using the result in the proof of proposition 6.3 in [4] , we have
So from the definition 3.8, we have:
Proof of Theorem 1.1:
From the definition of the orbifold cohomology in [5] and corollary 2.4, proposition 3.8, we know that A * orb
and from proposition 4.7, we have an isomorphism between A * ( P X (Σ e ))-modules:
So we have an isomorphism of A * ( P X (Σ e ))-modules: A * orb
. Next we show that the orbifold cup product defined in [5] coincides with the product in ring
Σ e /I(Σ e ). From the above isomorphisms, it suffices to consider the canonical generators y bi , y g where g ∈ Box(Σ e ) and γ ∈ A * (B). Since b i ∈ N , the twisted sector determined by b i is the whole toric stack bundle P X (Σ e ), y bi ∪ orb γ is the usual product y bi · γ in the deformed ring because y bi and γ belong to the ordinary Chow ring of P X (Σ e ). For y g ∪ orb y bi and y g ∪ orb γ, g ∈ Box(Σ e ), so g determine a twisted sector P X (Σ e /σ(g)). The corresponding twisted sector to b i and γ are the whole toric stack bundle P X (Σ e ). It is easy to see that the 3-twisted sector corresponding to (g, b i ) and (g, γ) are
where g −1 is the inverse of g in the local group. From the dimension formula in [5] , the obstruction bundle over P X (Σ e ) (g,1,g −1 ) has dimension zero. So from the definition of orbifold cup product in [5] it is easy to check that y g ∪ orb y bi = y g ·y bi , y g ∪ orb γ = y g ·γ. For the orbifold product y g1 ∪ orb y g2 , where g 1 , g 2 ∈ Box(Σ e ). From (15), we see that if there is no cone in Σ containing g 1 , g 2 , then there is no 3-twisted sector corresponding to the elements g 1 , g 2 , so the orbifold cup product is zero from the definition. On the other hand from the definition of the group ring
If there is a cone σ ∈ Σ such that g 1 , g 2 ∈ σ, let g 3 ∈ Box(Σ e ) such that g 3 ∈ σ(g 1 , g 2 ) and g 1 g 2 g 3 = 1 in the local group. Using the same method in [4] , we get: y g1 ∪ orb y g2 = y g1 · y g2 . The theorem is proved.
5 The µ r -Gerbe B (L,r) .
In this section we introduce an interesting toric stack bundle, the µ r -gerbe B (L,r) . In fact, let L be a line bundle over the smooth variety B, the stack B (L,r) can be defined as follows. Let µ r and C × be the constant sheaves of abelian groups in the etale topology over B, then we have an exact sequence:
× is the line bundle L removing the zero section, and the action of C × on L × is given by:
Now we explain that the µ r -gerbe B (L,r) is a toric stack bundle. Let N = Z r be cyclic group of order r, let β e : Z −→ Z r be the natural projection. Because N Q = 0, so Σ = 0, then Σ e = (N, Σ, β e ) is an extended stacky fan from section 2.1, we calculate the Gale dual (β e ) ∨ : Z r −→ Z, where DG(β e ) = Z, so we have the following exact sequence:
The extended toric Deligne-Mumford stack is X (Σ e ) = [C × /C × ] = Bµ r , the classifying stack of the group µ r . Now let L × be the bundle induced from L removing the zero section, then L × is a C × -bundle over B. From our twist we have 
If B is a smooth toric variety, then the µ r -gerbe B (L,r) can give a toric Deligne-Mumford stack in [4] . We give an example here. Let B = P 
Then we obtain the exact sequence:
Example q) ), where f, g are two relations and q is the quantum parameter. We hope that we can understand the quantum ring structure in future studies.
6 Application.
In this section we compute an example to show that the ordinary cohomology ring of the crepant resolution of a simplicial toric stack bundle is not necessarily isomorphic to its orbifold cohomology ring.
Let B = P 1 be the 1-dimensional projective space. Let N = Z 2 and Σ is a simplicial complete fan in Q 2 generated by the lattice points b 0 = (1, 0), b 1 = (0, 1) and b 2 = (−2, −2). The toric Deligne-Mumford stack X (Σ e ) is the weighted projective stack P(1, 2, 2). From the construction P(1, 2, 2) = [(C 3 − {0})/C × ], where the action is given by λ · (z 0 , z 1 , z 2 ) = (λz 0 , λ 2 z 2 , λ 2 z 3 ). Let P −→ B be a principal (C × ) 3 -bundle, we obtain the toric bundle P P(1, 2, 2) = P × (C × ) 3 P(1, 2, 2) over B with fibre the weighted projective stack P (1, 2, 2) . Let x i = y bi , and r 0 , r 1 are the Chern classes of the line bundles ξ i over B determined by the basis {u 0 = (1, 0), u 1 = (0, 1)} ⊂ M = N * , then from the theorem, we have: (1) is the canonical line bundle over P 1 , then r 0 = r 1 = t, where t ∈ H 2 (P 1 ; Q) is the first Chern class of P 1 . So A * orb P P(1, 2, 2) ∼ = Q[x 1 , x 2 , x 3 , x 4 ] {(2x 2 − x 1 ) 2 , x 2 1 x 2 , x 1 x 4 , x 3 x 4 , x 1 x 3 } Now let Σ * be the fan obtained from Σ by inserting the one dimensional cones b 3 = (0, −1), b 4 = (−1, 0). Then every top dimensional cone in Σ * has a lattice basis of b i , so the toric stack X (Σ e * ) is smooth. And X (Σ e * ) −→ P(1, 2, 2) is a crepant resolution. So P X (Σ e * ) −→ P P(1, 2, 2) is also a crepant resolution. Here P X (Σ e * ) is obtained from a principal (C × ) 5 -bundle. From the general cohomology ring of the toric bundle we have: A * ( P X (Σ e * )) ∼ = Q[x 1 , x 2 , x 3 , x 4 ] {(2x 2 + x 3 − x 1 ) 2 , x 2 (x 1 + x 4 − x 3 ), x 1 x 2 , x 1 x 3 , x 3 x 4 } Because in A * orb P P(1, 2, 2) , there exists an element x 2 1 x 2 = 0, and there isn't such an element in A * ( P X (Σ e * )). We get that A * orb P P(1, 2, 2) = A * P X (Σ e * ) which explains that the ordinary cohomology ring of the crepant resolution of P P(1, 2, 2) is not isomorphic to its orbifold cohomology ring. At last we explain that the ring A * orb P P(1, 2, 2) is the orbifold Chow ring of first intermediate moduli stack M 0,1 (P 1 , 2, 1) in the paper [14] . In that paper, the first intermediate moduli stack of the moduli stack M 0,1 (P 1 , 2) of 1-pointed, genus zero stable maps to projective space P 1 is defined as follows: It is the weighted projective stack bundle P(O(1) ⊕ O(1) ⊕ O(1)) over P 1 with action of C × by λ(z 1 , z 2 , z 3 ) = (λ·z 1 , λ 2 ·z 2 , λ 2 ·z 3 ). This projective bundle has fibre the weighted projective stack P(1, 2, 2). So M 0,1 (P 1 , 2, 1) = P P(1, 2, 2). We actually compute the orbifold Chow ring of the first intermediate moduli stack M 0,1 (P 1 , 2, 1).
Remark
In the above example, we found that the orbifold cohomology ring of the toric stack bundle P P(1, 2, 2) is not isomorphic to the ordinary cohomology ring of its crepant resolution. Ruan [17] conjectured that the two cohomology rings are isomorphic if we add some quantum corrections on the ordinary cohomology ring of the crepant resolution coming from the exceptional divisors. We hope that we can verify this conjecture in the future.
